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PROGRAM SUMMARY

Title of program:BESSCC z and a sequenceof real orders i’, v + 1 v + N—i for
integerN � 1. Thesefunctionsarise in thesolutionsof poten-

Cataloguenumber:ABBM tial problems in sphericaland cylindrical coordinates.They
can alsobe usedto calculate ordinary BesselsJ,(z), Y,(z),

Programobtainablefrom: CPCProgramLibrary, Queen’sUni- sphericalBesselsj,(z), y,(z), Kelvin andAiry functions.
versity, Belfast, N. Ireland(seeapplicationform in this issue)

Methodof solution
Computer:NAS 7000 atDaresburyLaboratory.Also testedon For large argumentsz, Temme’salgorithm [1] is used to find
CRAY-I, ATLAS-lU, IBM 3081, CYBER 205, GEC 4190, K,, K,’ and I,, I,~.The I,(z) valuesarerecurredupward(if
CDC 7600, VAX 750, Zenith 248 and IBM PC/AT this is stable).For moderatez, K, and K, are found using

Temme’smethod,and Miller’s method is usedto find I,~/I,,
Operatingsystem:MVS with theI, normalisedby theWronskian with K,. For small

z, Miller’s method is again usedfor the I,, and a Neumann
Programming language used: FORTRAN 77 with complex seriesfor the K,(z).
arithmetic in therequiredprecision Upwardrecurrenceof the K, is always stable,and down-

ward recurrencefor the I, is used in the secondand third
High speedstoragerequired: 360 kbytes,with 10520 bytesfor cases.
BESSCC

Restrictionson thecomplexityof theproblem
No. of bits in a real number:64 The functions are determinedonly for real order v> —

Reflection formulaeare given for ~‘ � — ~, and for complex
Peripherals used: reader,printer (neither used in BESSCC order ~‘ the procedureCOULCC of ref. [21 is available.The
itself) routinesareless efficient when both order and argumentare

large,becomingnoticeablewhen v + N> I z 1/2>1000.
No. of lines in combinedprogram and test deck: 527 (1/3 are
comments) Typicalrunning time

The test deck takes0.44 s of executiontime on a NAS 7000.
Keywords:generalpurpose,Bessel,continuedfraction,Temme,
cylindrical, Miller’s algorithm, Steed’s method,backwardre- Accuracy
currence,Airy, Kelvin, modified In general,resultswithin two digitsof machineaccuracymay

be obtained, subject to the correct set of constantsbeing
Natureofphysicalproblem included. The codeis releasedwith constantsallowing accu-
TheBESSCCsubroutinecalculatesthe modified Besselfunc- raciesof up to 24 significantdigits. For calculationsof arbi-
tions I,(z) and K,(z) (andderivatives)for complexargument trary precisionand/or of more than 24 digits, an appended
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programZETA can be easily used to calculate the required References
constants. [1] N.M. Temme, Numer. Math. 41 (1983) 63; J. Comput.
On IBM machines,BESSCChas been comparedwith the Phys.19 (1975)324.
similar packageof Campbell [3] and with the larger suite of [2] I.J. ThompsonandA.R. Barnett,Comput.Phys.Commun.
programsof Amos [4], andno discrepanciesarefound greater 36 (1985) 363.
than 10 14 A table is given of theaccuraciesobtainablewith [3] J.B. Campbell,Comput.Phys.Commun.24 (1981)97.
differentmachines. [4] D.E. Amos, Trans.on Num. Soft 12 (1986)265.

LONG WRITE-UP

1. Introduction 2. Besselfunction expansions

Algorithms are presentedfor the computation 2.1. Temme’salgorithmfor the irregular solutions
of the modified BesselfunctionsI,(z) and K,(z),
of real order v, and complex argumentz. From As explained in refs. [1,2], the sequenceof
these, other Bessel functions can be computed, values
namelyJ,,, Y~,,j,,, y,,, the Airy functionsand the ~ — F ~
Kelvin functions(section2.6). The accompanying k 2 ~ + k, b + k,, u
subroutineBESSCCis written in FORTRAN 77, of the confluent hypergeometncfunction satisfy
and for the requiredrelative accuracycalculates both the recurrencerelations
I,(z), I,’(z), K,(z) and K~(z)for a specified
sequenceof ordersv, v+ 1,..., p + N — 1. An in- k — F — (ak k )u] k+1 — U ak k k+2’

tegervariableIFAIL returnsthe numberof orders where ak = a + k and bk = b + k, and Temme’s
which could not be calculatedbecauseoverflow or sumrule
underfiow would occur.Optionalexponentialscal-
ing may be employed to reducethe likelihood of c ~ = 1 2 1
this error occurring. k=O k k

Storedconstantsin the programaregivento 24
digits of precision,andgive thecontinuedfraction where
expansionsfor the functionsg1(t) and g2(~)(see C0 = 1 and Ck+l = —akbkuCk/(k+ 1).
section3.3).Thenumberof thesetermsrequiredis
proportionalto the requirednumberof digits of Thesesumsare convergentwhena > 0, 0 <b <

precision,over the range I I � ~. Should greater 1, and Re(u) <0 with I u I <<1, so Miller’s back-
precision be needed, the small program ZETA wardrecurrencemethodcanbe usedto calculatea
(appendedto the accompanyingCPCdeck)canbe normalisedsequenceof values~k for k from some
used. This program calculatesthe BESSCCcon- startingorderM down to 0. Weusean extension
stantsusinga working precisionapproximately6 of Steed’smethod of section 3.1, which finds the
digits greaterthan the targetBesselprecision,and upper order M automatically.As in ref. [3], the
thus enablesBesselcalculationsof arbitraryaccu- ratio abP1/P0 is the logarithmic derivative of
racy subjectto themachinearithmeticbeingavail- 2F0(a, b;; u) with respectto u, and this gives [2]
able. The ZETA routinescould havebeencalled the continuedfraction CF2°for a= ±1by
directly from BESSCC, but for the sakeof the CF2°= ia [i + 2abuP1°/P~’], (2.2)
speed of the Bessel calculationsthey were sep-
aratedin theabovemanner. where [4] the ratio F1/P0 convergesto a given

The subroutineBESSCC(with the associated accuracywith approximatelyhalf as many terms
function CF2E) comprises473 lines of codeand as neededfor the sum(2.1).
requires10520bytesof storage.The remainderof The function P for a = — v, b = ~ + v, and
the deckconsistsof a testprogram,and the pro- u = —o/(2z)can be found for botha= + 1 and
gramZETA.
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—1, butwhen Re(z)>0 the a = + 1 Temmesum ods of refs. [1,8]) to recurthe I,, upwardfor some
convergesmore quickly, giving distancewith verylittle lossof accuracy,provided

the moduli I I~I are monitoredto avoid the errors
K, = /(2z))~

2e_2P~ (2.3) rising by morethan, say,oneorder of magnitude.
From the downward recurrencerelations for

and
the I, we have Miller’s backward recurrence

K,”/K, = iCF2± — 1/(2z). (2.4) method,as extendedby Gautschi[9] to iterateon
= I,’/I,. Fora startingorderM the methoduses

When I z I >> 10, the functions P~also con-
vergeby thismethod.We needhoweveronly find = (~+ k — 1)/z + 1/[(v + k)/z +f,+k]
the ratio P~/P~, if we already have the value
of P~, because of the Wronskian relation for k from M down to 1, beginningwith (for
P~P~[CF2~— CF2] = 2i. Then, guided by our example)
Coulombwavefunctionresults[2,5] as to wherewe f

9±M= (v + M)/z + z/[2(v + M + 1)].
cancalculatethe regularsolution F (equivalentto
I) as the differenceof two irregularsolutionsH~ We adoptSookne’smethod [10] to find the start-
and H, we havethe new results: ing orderM by performinga preliminaryupward

I,(z) = ~(.rr/(2z))~’
2 ezP~[1— H~/H], and recurrenceof I~from J = max(v, I z I) and I~

= 0, I, = 1, usingthe equation
= i[CF2 —(H~/H)CF2~]/[1— H~/H]

‘,÷i =(2j/z)1
3—I~_1

- 1/(2z),
until a modulus I 1~±M I is found that is greater

wherethe ratio H~/H of the Coulombfunctions than~ — 1/2 for a relativeaccuracy� in theresulting
is ratio f,. Although thismethodrequiresmorework

H~/H = exp[ — 2z+ (~— ~)~i] P~-/F0-. than the useof pre-computedstartingorders(asis
done in refs. [7,8]), it doesenablecalculationsto
attain any requiredprecision.Wefound Sookne’s

2.2. Recurrencerelations, and Miller’s methodfor method to be quicker usingthe extendedSteed’s
I,” / I, method of section3.1 sinceless work is involved

at eachstep.
The functions I, and exp(v~ri)K,bothsatisfy

the samerecurrencerelations[6, eqs.9.6.26]: 2.3. Smajl-z sum rules for I,, and Neumannseries

I,(z)=I÷1(z)+((v+1)/z)1,~1(z) forK,

and For Re(z) <2, the normalisingseries

I,’(z) = (v/z)I,(z) + I,+1(z), 00

~ ~ = 1 (2.5)
with equivalentrelationsfor upwardrecurrences. rn=0

Theseare stableprovided that the functions do
can beused,with

not monotomcally decreasein the direction of
recurrence.The stable directions are downward Urn = (1) m(2/)9 (v + 2m)F( ii + m )/m!,
recurrenceof the I,(z) throughoutthe complex z
plane, and upward recurrenceof K,(z) in the that is, with
right-hand half plane Re(z) � 0. Furthermore,
when z is large, the values of I,(z) decrease U0 = (2/zYI’(l + v)

only very slowly as i’ increasesfrom near zero and
until approximatelyas far as 0.6 I z I. For large

Izithis enablesBESSCC(in contrastto the meth- urn = ~rn—i[(~’ + 2m)/(v + 2m— 2)](v + m)/m.
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The sameI,+2rn(z) values can be used in a For negativev onecan use
Neumann series to give the irregular function
K,(z), following Goldsteinand Thaler [11], and I_,(z) = I,(z) + (2/u) sin(vur)K,(z) and
Campbell [7] but with simplifications that arise K, (z) = K, (z).
becauseBESSCCcalculatesthe I and K Bessels
togetherandpreservescommon terms:

0O 2.6. Other Besselfunctions in terms of I,(z) and
K,(z) = d01,(z)+ ~ (v + 2m)DmI,±2m(z), K,(z)

m=1

(2.6) The modified functionscan beusedas a basis
to expressall the relatedsolutionsof the various

with forms of Bessel’s equation. Abramowitz and
Stegun[6] list the relevantformulaein chapters9,

d0 = g1(.rrz) + u0 sinh[~(g2(v) + ln(2/z))]/~t, 10.
g1(t) = ~1T [t’ — cosec(t)],

2.6.1. Cylindrical Besselfunctions J,(z) and Y,(z)
g2(i’) = v~ ln F(1 + v), By inverting eq. (9.6.3), p. 375 of ref. [61there

D1 = u~(v+ 2)/(1 — v) follows, usingfor the 90°rotation p = exp(iur/2),

and .J,(z) =pI,(zp~) for —ur,/2 <arg z �

Drn = Dm_i(2V + m— 1)(v + m — 1)/(m(m — v)) =p
31,(zp3) for —IT < argz � u/2,

for m� 2.
with the planebeing cut along the negativez-axis.
Identicalexpressionsfollow for lç,(z) in termsof

2.4. The Wronskianrelation the irregularsolution K, (z). The derivativesof J
and Yare readily found from I,’ and K,’. (Prob-

At eachorder p, the functionssatisfy the rela- lemswhich arosein the evaluationof the Coulomb
tion functions[2,5] areabsenthere.)

I,”K, — K,’I, = 1/z, (2.7) 2.6.2. SphericalBesselfunctionsj,(z) andy,(z)

and this is usedin BESSCCto calculateK,’ from The defining relation [6, 10.1.1] is in termsof
1,, I,’ and K,. Thisis providedthat I, is not near the J~Y functions:
a zero, as otherwise there would be significant ()
cancellation errors: in such cases BESSCC ~

evaluatesK,” from K, and K,’/K, via the con- y(z) = ~/(~ur/z)1ç~l/
2(z),

tinued fraction CF2+ that is alreadycoded as in
section2.1. where ~ has a cut along the negativereal axis.

This routeto thesphericalBesselscanbefollowed
2.5. Analytic continuationsfor Re(z)< 0 and V < 0 for real valuesof v and complex z values,but if

Theanalyticcontinuationfor Re(z)<0 is given integer orderswith complex argumentsare re-
by eqs.9.6.30and31 of ref. [61: quired thena simpler method is presentedin fig.

1, which gives the self-contained subroutine
I, ( tz) = t ‘I,(z) and SBESJH.Forintegern � 0 it computestheregular

K,(tz) = r’K,(z) — ui Im(t’) cosec(vur)I,(z) solution j~(z)and the irregular Hankel solution
h~(z)(and their derivativeswith respectto z) in

where t = exp(±ui). Thesetransformationsare in- the half-plane Im(z)> —3 (where hW~(z)is ex-
cluded in the code. ponentially decaying). The remaining spherical



I.J. Thompson,AR. Barnett / ModifiedBesselfunctions 249

SUBROUTINE SBESJH )U,LMAX,XJ,XJP,XHI,XHIP,IFAIL) Bessels may be found by
C I.J.Thompson
C 31 May 1985.
C COMPLEXSPHERICAL BESSEL FUNCTIONS from 1=0 to 1=LMAX y~(z) = i[j~(z) —

C for U io the UPPER HALF PLANE ) Im(U) > -3)
C ~
C *** XJO) j/1(x) regular solutioo: XJ(O)=sin(u)/x
~ XJP(l) d/dx j/1(o)
C XH1(1) — h)1)/1)x) irregular Hankel function:
C *** XH1P(l) = d/dx h(l)/l(x) XH1(O) — jO(x) a 1. yO(x)
C (sin(x)-i.cos(x))/u 2.6.3.Airy functionsAi(z) andBi(z)

IFAIL -Ifor arguments Out of range = -1 .eup(i .0)/u These functions are combinationsof Bessel
C 0 for all results satisfactory
C ‘ 0 for results ok up to & including order LMAX-IFAIL functionsof order1/3 [6, section10.4], namely
C**
C Using complex CFI, and trigonometric forms for 1=0 solutions. ~(z) = (1/u)~I(z/3)Al/

3(~),
C Hate real routine in CPC 21 )1981) 297
C***

IMPLICIT COMPLEX*16 (A-H,O-Z)
PARAMETER (LIMIT=20000) Bi(z) = (~//u)[(2u/%1i)Il/3(~) + K3/3(~)]
DIMENSION tJ(O:LMAx),XJP)O:LMAU),AH1)O:LMAU),UHIP(O:LPIAX)
REAL*8 ZERO,ONE,ACCUR,TM3O,ABSC
DATA ZERO,ONE/ 0.000,1.000 /. ACCUR /1.00-12/, TM3O / 10-30 1 where ~= (2/3)z

3/2.Near the origin it becomes
H CI / (000,1DO) /

ABSC)W) - ABS(REAL(W)) + ABS(IMAG)W)) moresensibleto programeq. 10.4.14[6] for Ai(z)
IFAIL= -1
IF(ABSC(X) .LT.ACCUR .08. IMAG(X) .LT.-3.0) GO TO 5 directly as the differencebetweenthe ‘—1/3 and
UI = ONE/U

= XI + Al 11/3 functions,using[6, 9.6.10] sincethe singulan-
PL — LMAXXI
F - PL + XI tiesat z = 0 canbe controlled.
B - F • F + XI

= ZERO
C - F 2.6.4. Kelvin functionsker(x), kei(x), ber(x), bei(x)
00 1 L=1,LIMIT
O B - U For practical purposes these are functions of
C - B - ONE/C

IF(ABSC(D) .LT.TM3U) 0 = TM3O the realargumentx lyingbetween0 andabout10.
IF(ARSC(C).LT.TM3O) C = mOO The variousrealKelvin functionsare the realand

O = ONE / 0
DEL- I * C imaginary parts of I~ and K

01 functions of
F — F * DEL

B - B w argument ±xi
1”2:

1 IF(ARSC(DEL-ONE).LT.ACCUR) GO TO 2
IFAIL = —2

GO TO 5 ker(x) + i kei(x) = K
0(xi

1”2),
2 XJ(LMAX) — TM3O

XJP(LMAX) = F XJ(LMAX) ber(x)+ i bei(x) = 1
0(xi

1”2),
C Downward recursion to 1=0 (NB. Coulomb Functions)

ker
3(x) + i kei~(x)=

DO 3 L - LMAX-l,0,-1
XJ(L) - PL*XJ(L+1) + XJP(L+1) ber1(x) + i bei1(x) = iI1(—xi

1~2).
XJP(L)— PL’UJ(L) - AJ(L.I)

3 PL — PL - XI
C Calculate the 1=0 Bessel Functions Kelvin functions of order p relate to the same

XJO — UI * 519(0)
XHI(O) - EAP(CI*X) * XI = (-CI) order modified Bessel functions together with a
XHIP(O)= Xll1(U) * (CI - XI)

phasefactor of i ±
C Rescale XJ, XJP, conxerting to spherical Ressels.

Recur XFl1,XH1P AS spherical Bessels.
C

W — ONE/XJ(O)
PL = XI 3. Numericalmethods

DO 4 L - O,LMAX
XJ(L) = XJO*(W*XJ(L))
XJP(L) = XJO*(W*XJP(L)) - 01=03(L)

IF( L . EQ .0) 00 TO 4 3.1. Forward evaluation of continuedfractions and
X141(L) = (PL-XI) * Xl41(L-1) - UH1P)L-1) Temme’ssum

PL = PL + UI
XHIP(L)=_ PL = 091(L) + XHI)L=1)

4 CONTINUE
IFAIL = 0 Given a recurrence relation ~k—1 = bkPk +
RETURN

5 WRITE(6,10) IFAIL ak+lPk+l such as that in section 2.1, Steed’s al-
10 FORMAT) SBESJH : IFAIL — ‘.14)

RETURN gonthm[3] canbe usedto evaluatethe continued
END fraction

Fig. 1. A separateroutine for sphericalBesselsof complex
argumentandintegerorder. P

1/P0= 1/(b1 + a2/(b2+ a3/.”))
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forwardsfrom k= 0 as the successivesum P3/P0 Ic I,)
= ~hk, a method not requiring a precalculated a

REFLECTION RISES—

starting order which variesaccordingto the accu- mmc 25. l5vmaal

racy desired.The method has been extended to CASE ¶

calculate a forward approximation to the sum a

required in Temme’s method, 15

SN N CASE2.= CkPk/Po CASE3 15
k=1 ____________

I I I Rio
5 10 is oo aas -20 -20 -~ -s \*.\ (-~

N
5N ~

i**1 —15

where =20

Q. = ~ ~ ~FLECTIL20

k=.1 30

and ci, is the forward sequence qk = (q,.~ — Fig. 2. Parametercasesfor BESSCCcalculations.

b~q~)/a~+3starting from q
0 = 0 and q3 = 1.

3.2. Calculation casesby (z, v) region
1’min is found by the Wronskian,unless I, is near

Thereare three‘cases’ for combiningthe van- a zero,in which caseCF2 is calledagain.
ousexpansionsof section2. First, the argumentz Upward recurrenceof the K, and K,’ is always
is reflectedif necessaryinto the right-hand half stable,anddownwardrecu,rrencefor the I, and I,’
planeRe(z) � 0, anda v,~is foundwith I ~m,n I � is usedin the second and third cases. The effects
~ such that v — v~is integral.Thefollowing rules of theserules for calculationsin the complex z
are chosento minimiseboundaryerrorsfor selec- planeare shownin fig. 2, whereit is assumedthat
tioris of 11mrn valuesin the range —0.5 to 0.5. the upward recurrence of the I, in case 1 proves to

For large arguments, I z I > 25, and 1’max < be stable.
0.6 I z I~case 1 uses Temme’salgorithm for both
the P~and P~sequence at v,~,to find K,, K,’ 3.3. Continuedfractions for g

1 (t) and g2(v): the
and I,, I,’. The I,(z) valuesare recurredupward ZETAprogram
while this is stable. Should instabilities be de-
tected,the remainingvaluesare calculatedby the The functions
slowermethod of case2. g1(t) = ~ur[t~ — cosec(t)] for t =

Case2 is for moderate I z I > 3 andlORe(z) +

Im(z) � 20,whenthevaluesK, and K,’ are found and
usingTemme’salgorithmat ~mjn for the P,’ as in
case1, and Miller’s method is usedto find loga- g2(v) = v~ ln F(1 + v)
rithmic derivative I,’/I, at

0’max~The I, are nor- do not have closed form expressionsover the
malisedusingthe Wronskianwith the K, at i’,~. range I ~‘ I � ~. For that reasonwe startwith their

For small I z <3, or lORe(z) + Im(z) < 20, seriesexpansions
case 3 is used, with Miller’s method and the sum 0O

rule of eq. (2.5) for the I, and I,’, and aNeumann g
1(t)=~ur~ (_1)’~2(22~~~— 1)B20t

2”~/(2n)!
seriesfor the K,(z) at ~ The value of K,’ at
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and *

g2(~)=—T—~(—PY~~÷i/(n+1) *

20 It)
where B2,, are the Bernoulli numbers[6, table g )v)

23.2], 2

~‘= —sp(°)(1)=0.57721...

is Euler’s constant,and
00 10

= (—1)”~
1s//”~(1)/n!= ~ k’~

k=i

is the Riemann zeta function for integer argu-
ments[6, table23.3]. a

To calculatethesefunctions to arbitrary accu- *

racy, we use the fact that the Bernoulli numbers ‘ ‘

have exact rational values, and that the poly- No.of Continued-FractionTerms

gammafunction ~J/’~(z)hasanasymptoticexpan- Fig. 3. Number of terms required vs. numberof digits of

sion in termsof the sameBernoulli numbers.We accuracyrequired.

have thereforeadapteda digamma(11/0)) codeof
Kolbig [12] to calculatepolygammafunctions of
arbitraryorder n, in order to calculatethe series
coefficientsto the accuraciesrequired. 4. Programdescnption

Having the senesexpansionfor the required
function,we havecalculatedthe coefficientsof the 4.1. TheBESSCCcalling sequence
correspondingcontinuedfraction usingthe trans-
formationsand codeDFRACT of ref. [13]. The .Thecalling sequencefor theprogramis (seefig.
continuedfraction coefficients are calculatedby ~
the programZETA, and insertedin BESSCC as
DATA statements.From fig. 3 we see that the CALL BESSCC(Z,XNU, NL, Fl, FK, FIP,
numberof terms requiredis a linear function of FKP, MODE ACC IFAIL)
the numberof digits of accuracyrequired,andthe
equationsgiving the straight lines in the figureare wherethe argumentshavethe following type and
built into the BESSCCcode. meaning:

Z complexargumentz, non-zero
XNU real minimumorder v � —

NL integer numberof ordersv, v + 1,...,v + NL — 1 required
Fl complexarray dimensionNL, regularBessel1,(z)
FK complexarray dimensionNL, irregularBesselK,(z)
FIP complexarray dimensionNL, regularderivativeI,’(z)
FKP complexarray dimensionNL, irregularderivativeK,’ (z)
MODE integer IMODE I gives the selectionof I, K, I’ and K’,

andMODE <0 selectsexponentialscaling:
if IMODEI

= 1 I, K, I’, K’ functionsare computedandstored.
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=2 I,K
=3 1,1’
=4 Ionly.

if MODE <0 then the valuesreturnedare scaledby an exponentialfactor (dependentonly on z) to
bring nearerunity the functionsfor large I z I andsmall I ~‘ I < I z I:

so Fl = exp(— IRe(z) I) * I
FIP=exp(—IRe(z)I)* I’

and FK = exp(Re(z))* K
FKP=exp(Re(z))* K’

ACC real targetrelativeaccuracy
If ACC> 0.0001,
or the codefinds that 1.0 + ACC = 1.0,
thena defaultACCDEF = 10~6is used.

IFAIL integer classificationof errorson output:
IFAIL in output: — 2 = argumentout of range

— 1 = one of the continuedfractionsfailed,
or arithmeticcheckbeforefinal recursion

0 = All calculationssatisfactory
> 0: resultsavailablefor ordersbelow

position NL-IFAIL in theoutput arrays.

Furtherinformation aboutperformanceof BE- maximumprecision.BESSCCrequeststhis target
SSCC is provided by a namedcommon block accuracyin theBesselcalculations,thoughexperi-
/BSTEED/ containing in order ACCUR encesuggeststhat the achievedaccuracywill be
(REAL * 8) and the integersNFP, NPQ(2) and boundedby, at best,50 timesthe ACC limit.
KASE.
ACCUR = adoptedtargetaccuracyfor the calcu- 4.3. Operationof the ZETA program
lation, normally ACC.
NFP= starting order M for Miller’s method for The ZETA programincludedat the endof the
regular solution CPCdeckis a stand-aloneprogramthat calculai~s
NPQ(1)= numberof termsrequiredfor Temme’s the continuedfraction coefficientsfor the func-
sumfor p~ tions g1(t) and g2(v) as describedin section 3.3.
NPQ(2)= number of terms required for CF2—, In order to obtain 24 digits of accuracyfor these
and coefficients, the program is written to use the
KASE = 1, 2 or 3 accordingthe case of section quadruple-precisioncomplex arithmetic (COM-
3.2. PLEX * 32) that is availablewith the IBM VS-

FORTRAN compiler.
4.2. Testdeck The inputsto the programare (in free format)

the real numbersACCUR andACC, where AC-
The testdeck containsa main programto call CUR is the relative precision available for the

BESSCCfor a successionof z, v andNL combi- ZETA programto use (1Q — 33 with VS FOR-
nationsdeterminedby the data readin. Prior to TRAN asabove),andACC is the maximumtarget
calling BESSCC,the mainprogramfinds the smal- accuracythat will be used in the BESSCCpro-
lestACC suchthat 1.0+ ACC = 1.0, and it prints gram(e.g. 1Q — 24). Theprogramthenoutputson
its value to remind the user of his machine’s a ‘punch’ file 7 the DATA cards needed for
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SUBROUTINE BESSCC)ZZ,XNX,NL, FI,FK,FIP,FKP, MODE1,ACC,IFAIL) CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCLC
C C

CLCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC Machine—dependent parameters : C
C C C

COMPLEX I,K BESSEL FUNCTIONS PROGRAMUSING STEED’S METHOD C C ACC convergence criterion for continued fractions. C
C C Except near zero-crossings of the functions C

1. 3. Thompson Bristol JULY 1986 C C the relative errors of the returned functio~is should be C
C C less than nao)ACC, (SO + imag)Zfl*unit_roundoff ) Coriginal program RCWFN in CPC 8 119741 377—395 C C C

C a RCWFF in CPC 11 1976) 141-142 C C FPMAX magnitude of largest floating point number * ACC C
C • COULFG in CPC 27 11982) 147-166 C C FPMIN magnitude of smallest floating point number / ACC C
C + COULCC in CPC 36 (1985) 363-372 C C FPLMIN ln(FPMIN) C
C description of real algorithm in CPC 21 c1981? 297-314 C C EPAMIN sqrt(FPMIN) C
C description of complex algorithm JCP 64 119861 490-509 C C LIMIT mao. no. iterations for CF1, CF2 continued fractions C
C this version written up in CPC .. C C (If XNU+NL > O.35*)Zl, then IZI is limited to LIMIT). C
C C C
C BESSCC returns I,K,I’ K for complex Z, real XNU, & integer NL > 0 C C GAM, CSC are the coefficients of the continued fraction form C

for integer-spaced orders XNU to XMX * XNU + IlL - I C C of the diagonal Pade approximants for C
The first order XNU must be > -U.S ln)Gaimma(1+nufl/nu and 1/sin)pi.ou) - 1/(pi.nu) resp. C

The number of terms required is a linear function of C
if IMODE1I— 1 get I,K,I’ K for integer-spaced NO values C the number of digits accuracy, i.e. of log)ACC)

= 2 I.E unused arrays must be dimensioned in The olven CAM 8 CSC parameters are sufficient for ACC > 10-24
— 3 I, I’ call to at least length (1) C For lived accuracy worse than this, expressions in the code
— 4 1 C involving ACC nay be pre-evaluated, and NGAM & NC5C reduced. C

C C
if MODE1<Othen the values returned are scaled by an exponential C Associated routine CF2E (appended) C

factor (dependent only on Z) to bring nearer unity .
P, Cthe functions for large (ZI, small IXN~ < fl Intrinsic functions MIN MAX SQRT REAL IMAG LOG EX

So define SCALE * 1 0 if MODEl >0 (Generic names) ‘ ARS, MOD: SIN, COS, lilT ‘ ‘ C
REAL(Zl if MODEl < a Complex : LOG, EXP, SIN, SQRT, DCMPLX C

C then Fl = EXPI-ABS(SCALE)1 = I C C
C FIP— EXP~-ABS(SCALE)) * 1’ C CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C and FK = EXP(SCALEI * K C

FKP- EXP)SCALE = K’ C
c Fig. 6. SubroutineBESSCC,machine-dependentparameters.

Precision: results to within 1-2 decimals of ‘machine accuracy’, C
depending on the oalue of 8CC in the calling sequence.

If ACE is too small or too large, a default ACCDEF is used
BESSCC, provided that sufficient rational

C BESSCC is coded for REAL*8 on IBM or equivalent 8CC > 20-16
C Bernoulli numbers have been included in the
C Use IMPLICIT COMPLEX*32 & REAL*16 on VS compiler 6CC > IQ-24
C (More Gal & CSC coefficients can be provided for 6CC - 1Q.31) DATA statementsof the subroutineLOGAM. ‘We
C For single precision CDC, CRAY etc reassign REAL’8—REAL etc.
C have included 15 such numbers, sufficient for
C IFAIL in output: -2 — argument out of range
C .1 * one of the continued fractions failed,
C or arithmetic check before final recursion targetaccuraciesACC as small as 10~~another
C 0 - All Calculations satisfactory 15 numbersare given in table 23.2 of ref. [6] if
C ge 0 : results available for orders up to & at
C position NL—IFAIL in the output arrays.

required.Fig. 5 shows the resultsof running the
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC’ZETA program for accuracies iO~and 10—~ in a

Fig. 4. SubroutineBESSCC,with introductorycommentcards. FORTRAN form readyfor insertioninto the BE-
SSCCdeck.

C DATA statements for target accuracies up to 1.00-14
DATA GAM/
S.7721566490153286D01,5.772156649U153286D01, 5. l”.’tachine variants

O l.4248868896592017D+O0,-9.37711576724909400-O1,
O -9.77347727294888050-02, 6.13U6158583576872D-O1,
X 1.03554835359784650-01, 3 .8334536763S7375OD-O1,

i.676O985331801693D-O1, 3.423153U7U8797397D-01, 5.1. The versionin the CPCprogram package
X 1.872U9638466485490-O1, 3.0441764520575319D-D1,

2.03805774367527620-Ui, 3.03692223985295790-01,
2.11147343655344830-01, 2.8154925329H61U21D-01, Thepublishedversionof BESSCCis for compi—

X 2.1866203993361S18D-Ul, 2.88759992690339980-Oi,
O 2.21136568635676500-01, 2.7I19312296O69024D-01, lation ‘with the IBM VS FORTRAN 77 compiler,
O 2.27851640177127S7D-01/

DATA CSC, P12 / with double-precisioncomplex type (COMPLEX
1.66666666666666670-01, -1. 16666666666666670-01,

o I.12244897959I8367D-02,-2.B396206967635539D-02, * 16) availableandthe genericfunctionsof fig. 6.
O 3.881831O143174D27D-03,-1.2S66901682859I46D-02, Unfortunately, FORTRAN 77 doesnot define a
U I .959U158400391263D-U3 ,-7.0586744483313501D-03,

1. I797974364635126D-U3 , -8.90891U20676153740-U6/ DOUBLE COMPLEX standard,so, for conveni—
PARAMETEO)NGAM—2U,NCSC= 9) ence, statement functions for AIMAG and

C DATA statements for target accuracies up to 1.OE—07
DATA GAM / CMPLX havebeendefined.

0 -5.77215665E—D1,—5.77215665E—D1, 1.42488689E+00,—9.37711577E—D1,
U —9.77347727E-Q2, 6.13061586E—OI, 1.03554835E—D1, 3.B3345368E-O1,

1.676D9853E-D1, 3.423I5307E-01, I.87209638E-01, 3.04457645E-D1/ 5.2. Changesnecessaryfor different machinesand
DATA CSC, P12 /

0 l.66666667E-0i,-1.16666667E-O1, 1.12244898E-D2,-2.8396207DE-02, different precisions
O 3.881B3101E—03, —8.90891O2lE=D6/

PARAMETER(NGAM=1l, NCSC— 5)

Fig. 5. Output of programZETA for accuracies10-14 and Variantsdeckshavebeenpreparedfor the fol-
icr7. lowing systemsandprecisions:
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(a) single precision for CRAY, CYBER 205 and (c) ChangeD + and D — exponentsto Q +

CDC7600, with 14 digits of precision(ACC> and Q — (this can be done by a global
1E — 14), string substitution)

(b) singleprecisionwith the pureFORTRAN 77 Change REAL * 8 to REAL * 16 and
standard,for use with IBM and GEC com- COMPLEX * 16 to COMPLEX * 32
pliers and ACC> 1 E — 7, Remove the CMPLX statementfunctions

(c) quadrupleprecisionfor IBM VS-FORTRAN, (lines 1290,4220)
ACC> 1Q — 24, (d) RemoveAIMAG statementfunction (lines

(d) Lahey’s F77L v2.20 FORTRAN 77 for IBM 1300, 4230) and AIMAG from the
PC/AT or Zenith 241/248. REAL * 8 declarations (lines 900, 4200),

AIMAG is now generic.
The differencesbetweenthesedecksandthe CPC
versionare canbe summarisedby: It is also necessaryto changethe DATA state-
(a, b) Remove AIMAG and CMPLX statement ments for FPMAX, FPMIN, FPHMIN, and

functions(lines 1290, 1300) FPLMIN asshownin table1.
ChangeD + and D — exponentsto E +

and E — (this can be done by a global
string substitution) Note added in proof

Change REAL * 8 to REAL and COM-
PLEX * 16 to COMPLEX In the SiemensFORTRAN 77 compiler, the

(a) ReducePARAMETERsNGAM to 20 and REAL of a COMPLEX*16 argument gives
NSCS to 9, deleting surpluscoefficients a REAL * 4 result, so should be replaced in
in the DATA statements. BESSCCby DREAL.

(b) Reduce PARAMETERsNGAMto 11 and
NCSC to 6, deleting surpluscoefficients
in the DATA statements.

Table1

Machine mm ACC FPMAX a) FPMIN b) FPHMIN c) FPLMIN d)

IBM VSsp 9.6E—7 l.E60 i.E—60 l.E—30 —140.0
dp 2.3 D—16 i.D60 i.D—60 1.D—30 —140.0
qp 3.5 Q—33 1.Q60 l.Q—60 1.Q—30 —140.0

CDC 7600/
26600 1.OE—14 1.E308 1.E—279 7.E—140 —669.0

CRAY1 7.5 E—15 1.E2450 1.E—2450 1.E—1255 —5461.0

VAX(D) i.4E—17 1.E20 1.E—20 i.E—b —46.0
(G) 1.2 D—16 i.D290 i.D—290 i.D—145 —667.0

GEC 4190 sp 1.2 E—7 1.E56 1.E—57 7.E—29 —35.0

Apollo IEEE standard

Zenith241/248runningF77L
sp 1.2 E—7 1.E31 1.E—31 3.E—15 —71.0
dp 1.2 D—16 1.D292 1.D—292 1.D—146 —672.0

a) FPMAX = maximum floating-point number* ACC.
b) FPMIN = minimum floating-point number/ ACC.

*) FPHMIN sqrt(FPMIN).
d) FPLMIN = ln(FPMIN).
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TEST RUNOUTPUT

TEST OF THE CONTINUED FRACTION BESSEL ROUTINES

SMALLEST ACC ALLOWEDON THIS MACHINE = 2.22E-16

Z = 0.0100 0.0000, NU(MIN) = 0.2000000 ML = 11 MODE= -2 CAMPBELL: I,K
BESSCC :: FAIL = 0 ACCUR= 2.2E—16 ITS 5 0 0, KASE = 3

MU = 0.200 :: I = 3.7371214789550-01 0.000000000000+00, K = 5.671099356380+00 0.000000000000+00
MU = 1.200 :: I = 1.551120583570-03 0.000000000000+00, K = 2.675617621710+02 0.000000000000+00
MU = 3.200 :: I = 5.529517605270-09 0.000000000000+00, K = 2.8257281493070+07 O.000000000000+O0
MU = 10.200 :: I = 5.758335813200-31 0.000000000000+00, K = 8.5128039814810+28 0.000000000000+00

Z = 12.2000 13.3000, NU(MIN) = 0.1000000 ML = 31 MODE= -2 CAMPBELL: I,K
BESSCC :: IFAIL = 0 ACCUR = 2.2E—16 ITS = ui 17 0, KASE = 2

MU m 0.100 :: I = 8.9706749O386D-O2 2.9160011420870-02, K 1.217991o261500-01-2.672433914400-01
MU = 1.100 :: I = 8.696982963890—02 3.07378697847D-02, K = 1.180862385314D—01—2.761914408262D—01
MU = 3.100 :: I = 6.8513771438330-02 3.900172579080-02, K = 8.332207714949D_02-3.t&17814204172D_01
MU 10.100 :: I =-9.97746863581D-03 8.63l4263891441ID-03, K = -2.07666335500D+00-8.32522042385D—02
MU = 30.100 :: I =—5.1431’45898980-10 4.51141431674940-10, K = -2.0

1e3957294l44D+07-1.234324lg01640+07

Z = 12.2000 13.3000, NU(MIN) = 0.1000000 NL = 31 MODE= 1 I,K NOT SCALED
BESSCC :: IFAIL = 0 ACCUR = 2.2E-16 ITS = 114 17 0, KASE = 2

NV = 0.100 :: I = 1.7832728149320+04 5.7966914471860+03, K = 6.12706606217D-07-1.3L1Ui356O1693D_O6
I’= 1.737911859860+0146.0592527131410+03, K’ ~‘-5.97221917913D-07 1.38181467149250-06

NV = 1.100 :: I = 1.72886586090D+Ols 6.11035501421450+03, K = 5.91402758O7514D-O7-1.389383709700-O6
I’= 1.684599625240+04 6.321460722370+03, K’ v*-5.714776929678D-07 1.1428278753220-06

MU = 3.100 :: I = 1.36197950513D+04 7.753119963070+03, K = 4.191480119300—07-1.71933O266300—O6
1.32965225234D+04 7.6699802143870+03, K’ =-3.678858155’42D-07 1.76148814826020—06

MU 10.100 :: I vu-1.95341252067D+O3 1.71639799O32D+O3, K -1.O14465628182D—O5—I4.18796517616D—07
I ‘=-1.68776286O80D+O3 1.955744686150+03, K’ = 1.O7141414641434OD-05-1.34394922805D—06

MU = 30.100 :: I -1.O22l1O160746D-04 8.974200405550—05, K = 1.0282O361A325D+02-6.2O921412232D+O1
I ‘=-14.143279185418D-05 2.2577271425410-04, K’ = 2.0306679O1405D+02-2.O99099210000+O1

Z = 0.0000 19.2000, MU(MIN) = 0.7280000 NL = 11 MODE= -1 CAMPBELL: I
BESSCC :: I~AIL = 0 ACCUR= 2.2E-16 ITS = 41 0 0, KASE = 3

NV = 0.728 :: I =-3.136419753780-05-6.88861621055D-05, K = 1.1865385O886D-01-2.603162181700-01
I’= 1.656929068000_O1-7.511140769211360_02, K’ =—1.11821478ti831iD-01 2.633100151190-01

NV = 1.728 :: I = 1.656955181340017.5414195814695D02, K = 1.0195141461562D012.67808973632D01
I’m 6.758412O6471D-03 1.!481437105239002, K’ ~9.1455101432596DO2 2.691492119711D01

NV = 3.728 :: I = 1.572397681010-01-7.15920149532D-02, K = 2.27662988565D-02-2.878280139211D-D1
I ‘= 2.74148971230140-02 6.0287028814970-02, K’ =-1.l456162959590-02 2.8308801776130—01

MU 10.728 :: I = 6.55O51721147D-03 1.43871045947D’02, K 1.521941617142DO1 2.143t4389O6900O1
I’=—1.5115148111677D—O1 6.882151898510-02, K’ = 1.162O14527658D-01-2.33745529556D-01
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Z = -0.0100 0.0010, NU(MIM) = 0.2000000 ML = 11 MODE= -1 I,K NEAR -Z AXIS
BESSCC :: IFAIL = 0 ACCUR= 2.2E-16 ITS = 5 0 0, KASE = 3

MU = 0.200 :: 1 = 3.0696142010390—01 2.1380399714000—01, K = 14.55520566224D+OO-4.315573711451D+00
I ‘=-5.6561492866t13D+00-14.8t123553691490+00, K’ = 1.289Ii567

0I422D+02-5.053O5696684D+O1
NV = 1.200 :: I =—1.368088232500-03-7.629143677217D-014, K = -2.27693I457267D+02 1.2696726567140+02

11= 1.53148371418570-01 1.069O2710215D-O1, K’ =-2.856576516620+OIl 1.23814266015850+04
NV = 3.200 :: I =_5.3515180791I1D-091.710566918930-O9, K = -2.5966063911980+07 8.299798972720+06

I’m 1.6413140875480-06 7.115162434610-07, K’ =-8.L4898928O128D+09 1.806976868060+09
MU = 10.200 :: I = 5.60708812257D-31-2.293700147001D-31, K = 7.3140896970590+28 3.002953248950+28

I ‘=-5.8914214728L4890-28 1.750151265290-28, K’ = 7.1103114725700+31 3.77I4O4146O1430D+31

Z = -12.2000 13.3000, NU(MIM) = 0.1000000 ML = 31 MODE= -2 I,K RE(Z) < 0
BESSCC :: IFAIL = 0 ACCUR= 2.2E-16 ITS = 114 17 0, KASE = 2

MU = 0.100 :: I = 9.43271281755D-02-1.19115653689D-05, K = -9.1608886li115D-O2-2.81822063752D-O1
MU = 1.100 :: I =-9.221171473336D-02 2.358295999490-03, K = -9.656586590780-02-2.732237778830-01
MU = 3.100 :: I -7.72126676625D-O2 1.59209248269D02, K = 1.22527535227D’012.1524237028ODO1
MU = 10.100 :: I =-6.82100228492D-03-1.129488030950-02, K = -2.712534006930-02 3.13451Is21859D-02
MU = 30.100 :: I =-3.149638631398D-1O-5.8827991l4916D-1O, K = -3.953971495915D-O4 4.568996655000—04

Z = -12.2000 13.3000, NU(MIN) = 0.1000000 ML = 31 MODE= 1 RE(Z)<0,N0 SCALING
BESSCC :: IFAIL = 0 ACCUR= 2.2E-16 ITS = 114 17 0, KASE = 2

MU = 0.100 :: I = 1.87512097398D+014-2.367889968460+0O, K = -1.821085276690+04-5.602316882650+014
I’=—1.81400936O523D+014 3.9221487827510+02, K’ = 1.903570381170+014 5.459811131620+04

MU = 1.100 :: I =-1.83306949778D+014 4.688036598830+02, K = -1.91962465132D+OIo-5.1*31392287750+04
I = 1.7971493330180+014-8.063672833630+02, K’ = 1.9859145145614140+014 5.292325806760+04

MU = 3.100 :: I =—1.531I901I06621D+0l4 3.164907131760+03, K = —2.143571141471930+04—tI.27878480779D+014
11= 1.5O1589863190+0l4-3.18573326lg96D+O3, K’ = 2.44O9595358611D+0l4 l4.1772257147611D+O4

NV = 10.100 :: I =-1.35594125416D+03-2.214529966899D+03, K = -5.392223326830+03 6.2310714207600+03
I’m 1.000799522040+03 2.38157113141430+03, K’ = 6.1414153127660+03-5.3022634024140+03

NU = 30.100 :: I =-6.9501436671425D-05-1.1694366149210-014, K = -7.860073257690+01 9.08266966623D+01
I ‘=-2. 760925852880-05 2.2814207181500-04, K’ =-1 .996138582600+02 4.278733014790+01

Z = 0.0000 500.2000, NU(MIN) = 0.7280000 NL = 9 MODE= -2 LARGE IM(Z)
BESSCC :: IFAIL = 0 ACCUR= 2.2E-16 ITS = 0 6 3, KASE = 1

MU = 0.728 :: I =-Ii.775029778I49D-03-1.O1487514631491D-O2, K = -5.502539333880-03 5.5767911494160-02
NV = 1.728 :: I =-3.O7021632175D-O2 1,397884106990-02, K = —5.3656214958130-03 5.578139257770—02
NV = 3.728 :: I =—3.05854550488D-02 1.392570328520-02, K = —14.7569241416800—03 5.58372081401140—02

Z = 0.0000 0.0010, NU(MIN) = 0.0000001 ML = 9 MODE= -2 A COULCC ERROR
BESSCC :: IFAIL = 0 ACCUR = 2.2E-16 ITS = 14 0 0, KASE = 3

MU = 0.000 :: I = 9.999990476320-01 1.570791483082D07, K = 7.02368478872D+001.57O795934100+O0
MU = 1.000 :: I =-7.85397435O44D-11 4.999995363160-04, K = -9.1421477769318D-04-1.0000014li6421D+03
MU = 3.000 :: I 3.2721489241451D-18-2.O8333135791D-11, K = 1.2566382921i9D+03 8.000007818950+09


