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PROGRAM SUMMARY

Title of program: COULCC: Complex Coulomb & Bessel unchargedscattering(sphericalBessels)and cylindrical Bessel
Functions functionsare specialcaseswhich are more easily solved.Two

linearly independentsolutions are found, in general, to the
Cataloguenumber:ACDP differential equation f”(x)+ g(x)f(x) = 0, where g(x) has

x°, x~ and x~
2terms,with coefficients1, —2~and — X(X

Programobtainablefrom: CPCProgramLibrary, Queen’sUni- + 1), respectively.
versityof Belfast,N. Ireland(seeapplicationformin thisissue)

Method of solution
Computer: Installation: The continued fractions of Steed[1,2J are supplemented,if
AS/7000 DaresburySERC necessary,by a

1F1 seriesexpansionor by Padéaccelerationsof
CRAY4 ULCC a 2F0 asymptoticexpansion.Recurrencerelationsareusedfor
CDC 7600 UMRCC integer stepsin A in a stablemanner.It should benotedthat

the routine will solve for a single arbitrary A without recur-
Operating system:OS/MVT with VS FORTRAN rence, if required.For small x a previousrestrictionon accu-

racyhasbeen removedby addinga subroutineto evaluatethe
Programminglanguageused: Fortran77 irregularsolution(singularat x = 0)by a suitablecombination

of series.
High -speedstoragerequired: 822 Kb for compilation; 202 Kb
for execution Restrictionsof thecomplexityof theproblem

On the Coulombbound-statepolesthefunctionsaresingular
No. of bits in a word: 32 (4 bytesof 8 bits) (from their boundary conditions). The program returns the

residuepolynomialbutonly onesolutionexists,andit is found.
Peripheralsused: card readeror VDU, pnnter

No. of lines in combinedprogram andtestdeck: 1658 Typicalrunning time

A direct comparisonof COULCC andits predecessorfor real

Keywords: Coulomb,Bessel,Whittaker,hypergeometric,con- argumentsshowsanincreaseby a factorof 2 for thenew code.
tinued fraction, scattering, closed channels,off-shell, reso- The testdeck (comprising36 test valuesandexcludingtheerror
nances,reactions,Reggepoles condition)took 1.14 s for executionon theNAS 7000 and2.2 s

on theCDC 7600.

Natureof thephysicalproblem
Theroutine COULCC calculatesboth the oscillating and the References
exponentiallyvarying Coulombwavefunctions,andtheir radial [1] A.R. Barnett,D.H. Feng, J.W. Steedand L.B.J. Goldfarb,
derivatives,for complex i~(Sommerfeldparameter),complex Comput.Phys.Commun.8 (1974)377.
energiesand complex angular momenta. The functions for [21A.R. Barnett,Comput.Phys.Commun.27 (1982)147.

OO1O-4655/85/$03.30© ElsevierSciencePublishersB.V.
(North-HollandPhysicsPublishingDivision)
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LONG WRITE-UP

1. Introduction Bell andScott [11] andfor Im(~)< 0 by Hebbard
andRobson[12].

Thisprogram,COULCC, is the complexgener- Solutions near zero energy are usually found,
alisation of a continued-fraction algorithm for on the otherhand,by ‘Z-scaledcoordinates’ r =

calculating real Coulomb wave functions which — qx and c = i/q so that they can be calculated,
has beendescribedand evaluatedin a seriesof e.g. by Seaton[8] or Curtis [13], continuously
papers[1—7].It is designedto find linearly inde- acrossthe energy threshold.The resulting wave
pendentsolutionsF, G, H~and H of the equa- functions are not dimensionlessas are F, G, etc.,
tion andHumblet [14]hasproposedsimilar wavefunc-

+ — 2~— A(A + 1) )f(x) tions for general scatteringproblems.We have0 choseninsteadto continue calculatingthe stan-
dX X X dardCoulombwavefunctions,but supplementing

subjectto the boundaryconditions Steed’s~method[1] by a seriesexpansionfor the
regular function near threshold.We also supple-

F~(i~,x) = 0, ment the programby a Padé-acceleratedasymp-

G~(~j,0) = ~ 0) = ~ 0) = + ~ totic expansionfor the Whittaker function as in

and ref. [15] andfind that we are now ableto include
all of the abovephysical caseswith x, ~ and AF~(ii,x) —~ sin ~ ~ x) —b cos 0A’ complexin general.

x—~00 x—.00

Hx±(~q,x) —~ e±IOA,
X -~ 00 2. Method of calculation

where 0A = x — ~1n(2x) — ~A~rr+ a~and a~is the The generalformulaefor defining the Coulomb
Coulombphaseshift functionsF~(i~,x) andG~(ij, x) for complex A, ~

F F(1 + x + i~)}1/2 and x are describedin a relatedpaper [16]by the
e’°”= [r~i + ~. — . authors,along with a descriptionof the different

combinationsof continuedfractionsusedin differ-

For positive-energyscatteringproblems, x is ent (x, s~,A) regions.
realandpositive, i~and A are real, andthereal F The power of the method derivesprincipally
and G functions resulting can alreadybe calcu- from the evaluationby Steed’smethodof follow-
latedto adequateprecision, typically io~12[1—3]. ing continuedfractions
Whenlooking for examplefor off-shell structures F’ ~÷, — R~÷, R~~

2
such as resonancepoles, x and ~ have small CF1: — = T~+1—T~÷2—
imaginaryparts,so F andG are now complexin
general.TamuraandRybicki [9] haveconsidered where
this case, and it is straightforward to extend
COULFG [7] by complex continuation to treat s~= + ~, T~= s~+ s~,
off-shell regionsnear the physical axis. Another X

commonanalyticcontinuationis to complexangu- and
lar momentum A, to trace Regge poles, etc., as
havebeencalculatedby Takemasaet al. [10]. R

2~ 1 + i
1

2/A2
Negativeenergysolutions(i.e. x and~ imagin- and

ary) are also requiredwhenseekingboundstates,
or when closed channelsarise in multichannel CF20: p + iwq = Hr’/Hr
scatteringproblems.Traditionallyjust the decay- . ~ i~ ab
ing Whittakerfunction is found, for Im(i~)>0 by 1(0(1 ——~+—x~’ x 2(x—ij+iw)+
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(a+ 1) ( b + 1) Theseanalytic continued fractions are supple-

2(x — i~+ 2iw) + ... ‘ mentedin ‘case 1’ for small x by a directevalua-
tion of a 1F1 seriesto give

where a = iwij — A and b = io~q+ A + 1, with the
coefficientsgiven analytically as indicatedand w F~(n~x) = xA+ 1 e±

1~C~(~
= +1 or w = —1.

Steed’s algorithm, derived in ref. [1], is a for- X
1F1(1+ X ±in; 2X + 2; R2ix).

ward recurrencemethod for evaluating a con- This valueof FA togetherwith f from CF1 gives
tinued fractionof the form FA’. The upperor lowersigns throughoutare cho-

a1 a2 a,, sen to given 1 + A ±iij the mostnegativereal part
h = a0+ b+ b+ b,, + ... possible,to enablequickerandmoreaccuratecon-

vergence.The 1F1 seriesis absolutelyconvergent,
by carrying forward just D,,, the ratio between but to extendthe maximum valuesof n and x
successivedenominatorsB,, in theequivalentpoly- which are possiblebeforelargepartial sumscause
nomial ratio h A,,/B,,, and thus avoiding possi-
ble overflowsin evaluatingA,, and B,, separately. large fractionalerrorsin the result,the evaluation
The methodis is performedin extendedprecision. In COULCC,REAL *16 variablesare used,writing out the real
h0 = a0, and imaginary arithmetic separatelyfor use on

1/b1, machinessuch as the CRAY-i which has no

= a1D1, COMPLEX* 32-typevariables.
Thecorrespondingevaluationof GA in case1 is

h1 = h0 + ~h1, still achievedwith CF2; whereasfor yet smallerx

for n = 2 upto~max do begin the computationof CF2 becomestoo inefficient

= 1/(D,,_1a,,+ b,,), and cases5 and 6 are usedinstead.In thesecases
we re-expandthe irregular functions in terms of

= (b,,D,,— i)i~h,,._1, the regularsolution. If 2X is non-integral(case5),

= h,,_1 + ~h,,, G~is foundby meansof the 1F1 seriesfor F_A_I,
whereasif 2X is an integer(case6), G~is givenby

if I i~h,,I < ~Ih,, thenexit the logarithmic expansion(eq. 13.1.9 of ref. [17])

end analogousto the Neumannseriesfor Bessel func-

If b1 = 0, then the continued fraction is refor- tions.
For large-x values (case4) asymptoticexpan-mulatedas

sionsbasedon ~ x) = e~°A2F~(ico~— A, icoi~
h = a0 + ~ + a4 + A + l;;w/(2ix)) are used, either directly for

a2 ~. b3 + b4 + ... HA(co),or in combinationto give CF1A =

The continued fractionsCF1 and CF2 form the (H~’— H~’)/(H~—H).
heartof the method and above their sole use is For intermediate-x values, the above asymp-
labelledas case2 and case3 within the program. totic expansionsare acceleratedby Padé tech-
Case 3 is the real-parametercase and it hence niques, a processwhich has been found [15] to
correspondsto the parentprogramCOUFLG [7]. extendinward the regionof convergenceto limits
Case 2 is for complex parametersbut for the set onlyby machineprecisionandexponentrange.
region where the resulting wavefunctionsstill re- We use the F-algorithmof ref. [18] to calculate
tam oscillatory character.The absolutenormalisa- term-by-term the coefficients of the continued
tions aredeterminedfrom the Wronskianequation fraction ‘corresponding’to the original series,in
FX’GX— GX’FX = 1. For this to hold all parameters parallel with a term-by-term evaluation of this
needto be closeto their realaxes.Otherregionsof continued fraction by Steed’smethod.The Padé
the parametersrelateto the 4 othercasesdescribed accelerationis only invoked if the asymptoticex-
below. pansions are not sufficiently accurateon their
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own. Since we have an alternative method for polynomials,and the codeusesthe zero returned
smaller x, namely the 1F1 series,we may set the by the log-gammaroutine to calculatethesepoly-
maximumlength JMAX of the continuedfraction nomials scaledto finite values. A corresponding
at only 50. We seefrom fig. 1 of ref. [16] that this “G~” is returnedsuch that the Whittakerfunction
includes the region where there is a relatively calculatedby the formula above is still correct,
reliablecorrelationbetweenthe numbersof itera- eventhoughthe gammaroutine printed an error
tions for CF2~’~~and for ~ itself, message.

The code is set up to calculate the regular The abovetwo paragraphsimply that if thereis
solution FA andoneof the irregularsolutions GA, any choiceof 1 + A ±~napproachingthe negative
H~= G~+ iFA, or H~= GA — iFA accordingto a real axis (e.g. for Coulomb eigenstates),the user
MODE variable. In generaltheusershouldask for shouldcalculatethe Whittaker function from H~
the linear combinationwith the smallestabsolute by meansof the phaseshifts returnedat the same
magnitude,as it is impossibleto obtain this solu- time, and use the Whittaker function in subse-
tion accuratelyfrom the others dueto the exces- quentcalculations.
sive cancellation.For large A, G and H ± are all
large, whereasFA is small so is always returned.

+ . 3. Codedescnphon
For small A and x complex H will usually be
smallfor Im(x)> 0, and H for Im(x) < 0, so the Thecalling sequencefor theprogramis (seefig.
usershould chooseH ± according to the corre- 1)
spondinghalf-planecontaining x. For small A
and x nearthe axis, G and H~areall oscillating CALL COULCC(X,ETA,ZLMIN,NL,FC,
at about the samemagnitude, so the choice of GC,FCP,GCP,SIG,MODE1,KFN,IFAIL)
MODE is not critical here.

wherethe argumentshavethe following type andThe code also calculatesthe Coulomb phase
shifts GA(n), andthesecanbereturnedif required. meaning.
This is strongly advisedif eitherof 1 + A + in or X complex x ~ 0,
1 + A —

1n is likely to havea negativerealpart, as ETA complex
then thecut in o~(fl)is approached.On thecut all ZLMIN complex
the Coulombfunctionschangesign together,and NL integer number of A values
therewill be a simultaneouschangeof ii in ~A(fl)• Amin, Amin + 1, ..

If the Whittakerfunctionsareto be calculatedfor Amin + NL — 1 calcu-
exampleby lated;

FC complex array dimensionNL, regular
W_I~.x+l/

2(—2iwx) solution, FA,
1 GC complex array dimensionNL, irregu-

=expico[~’n(A+icon)—aA(n)JHx(q, x) larsolutionGA orH~,
with co arg X> — 11/2, FCP complex array dimensionNL, regular

derivative F~= d FA/
then thesign of W is only determinedif the GA(fl) dx
usedin this formula is that returnedby the same GCP complex array dimensionNL, irregu-
codewhich calculatedthe HA. A consistenttreat- lar derivativeG~or H~,
ment of the cut is thenmaintained. . SIG complexarray dimension NL, Cou-

If one of 1 + A ±in is zero or a negativein- lomb phase shifts if
teger,thena gammafunctionin the expressionfor KFN = 0
a~(n) will be evaluatedon its pole.Thesearejust
the hydrogemcCoulomb bound-statepoles, and MODEl integer: IMODE1I determinesselection
with thesestates&°~,F~and ~ are all, strictly of F, G, H ~, and MODEl <0 indicatesthat
speaking,infinite. Theresidues,however,are finite exponentialscalingis to be used.
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SUBROUTINE COULCC(XX,ETA1,ZLMIN,NL, FC,GC,FCP,GCP, SIG,
x MODE1,KFN,IFAIL)

C
CccccccCccccccccccccccccccccccccccccccccccccccccccccccccccccCccccccccCcc
C C
C COMPLEXCOULOMBWAVEFUNCTIONPROGRAMUSING STEED’S METHOD C
C C
C A. R. Barnett Manchester March 1981 C
C modified I.J. Thompson Daresbury, Sept. 1983 for Complex Function. C

C C
C original program RCWFN in CPC 8 (1974) 377—395 C
C + RCWFF in CPC 11 (1976) 141—i42 C
C + COULFG in CPC 27 (1982) 147—166 C

C description of real algorithm in CPC 21 (i98i) 297—3i4 C
C description of complex algorithm JCP XX (1984) YYY—ZZZ C
C this version written up in CPC XX (1984) YY~—ZZZ C
C C
C COULCCreturns F,G,G’,G’,SIG for complex XX, ETA1, and ZLMIN, C

C for ML integer—spaced lambda values ZLMIN to ZLMIN+NL—i inclusive, C
C thus giving complex—energy solutions to the Coulomb Schrodinger C
C equation,to the Klein—Gordon equation and to suitable forms of C
C the Dirac equation ,also spherical & cylindrical Bessel equations C
C C
C if /MODE1/— 1 get F,G,F’,G’ for integer—spaced lambda values C
C — 2 F,G unused arrays must be dimensioned in C
C — 3 F, F’ call to at least length (1) C
C -4 F C
C — ii get F,H+,F’,H+’ ) if KFN—O, 11+ — G + i.F ) C
C — 12 F,H+ ) >0, 11+ — J + i.Y — H(i) ) in C
C — 21 get F,H—,F’,H—’ ) if KFNO, H— — C - i.F ) CC C

C — 22 F,H— ) >0, H— — .1 — i.Y — H(2) ) C
C C
C if MODEi<O then the values returned are scaled by an exponential C
C factor (dependent only on XX) to bring nearer unity C
C the functions for large /XX/, small ETA & /ZL/ 4 /XX/ C
C Define SCALE — ( 0 if MODEl > 0 C
C ( IMAG(XX) if MODEl < 0 4 KFN 4 3 C
C ( REAL(XX) if MODEl < 0 & KEN — 3 C
C then FC — EXP(—ABS(SCALE)) * ( F, j, J, or I) C
C and CC — EXP(—ABS(SCALE)) * ( C, y, or Y ) C
C or EXP(SCALE) * ( H+, H(L), or K) C
C or EXP(—SCALE) * ( H— or H(2) ) C
C C
C if KFN — 0,—i complex Coulomb functions are returned F & C C
C — 1 spherical Bessel “ “ “ j & y C
C — 2 cylindrical Bessel “ “ “ J & V C
C — 3 modifIed cyl. Bessel “ “ “ I 8 K C
C C
C and where Coulomb phase shifts put in SIG If KFN—O(not —1) C
C C
C The use of MODE and KFN is independent C
C (except that for KFN3, H(1) & H(2) are not given) C
C C
C With negative orders lambda, COULCCcan still be used but with C
C reduced accuracy as CF1 becomes unstable. The user is thus C
C strongly advised to use reflection formulae based on C

C H+—(ZL,,) — H+—(—ZL—i,,) * exp +—i(.Ig(ZL)—sig(—ZL—i)—(ZL+i/2)pi) C
C C
C Precision: results to within 2—3 decimals of ‘machine accuracy’ • C
C but If CF1A fails because X too small or ETA too large C
C the F solution is less accurate if It decreases with C
C decreasing lambda (e.g. for labda.LE. -1 & ETA.NE.0) C
C REEK in COMMON/STEED!traces the main roundoff errors. C
C C
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C COULCC is coded for real*8 on IBM or equivalent ACCUR>— iO**_14 C

C with a section of doubled REAL*16 for less roundoff errors. C
C (If no doubled precision available, increase JMAX to eg 100)C
C Use IMPLICIT COMPLEX*32 & REAL*16 on VS compiler ACCUR>— 1O**_32 C

C For single precision CDC (48 bits) reassign REAL*8_REAL etc. C
C C
C IFAIL on input — 0 : no printing of error messages C
C ne 0 : print error messages on file 6 C
C IFAIL in output — —2 : argument out of range C
C — —i : one of the continued fractions failed, C
C or arithmetic check before final recursion C
C — 0 : All Calculations satisfactory C

C ge 0 : results available for orders up to & at C
C position NL—IFAIL in the output arrays. C
C — —3 : values at ZLMIN not found as over/underflowC
C — —4 : roundoff errors make results meaningless C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

Fig. 1. SubroutineCOULCC,introductorycommentlines.

If IMODE1I 1 complexspherical jA(x) YA(X)
= 1 F, G, F’, G’ Bessels or h ~= j ±iy
= 2 F, G 2 complexcylindrical J~(x) YA(x)
= 3 F, F’ Bessels or H ±= .J±iY
= 4 F 3 modifiedcylindrical IA(X) KA(x)
= 11 F, H~,F’, H~’\ if KFN ~ 0, Bessels
= 12 F, H~ H ±= G ±iF — 1 Coulombfunctions
= 21 F, H, F’, H’ 1 i~KFN > 0, butwithout using
=22 F, H~ 3 H~=J±iY theSIG array.

The FCPandGCParrays contain the derivatives

whereF is in the FC array,G, H~or H is in the of the appropriateCoulomb or Bessel function
GCarrayandwherethe definition of H ± is fixed with respectto x.
by KFN (seebelow). If KFN = 3, then H ± are not defined, and
If MODEl <0, then the valuesretainedare scaled mod(MODE1,10) is used in place of MODEl.
by an exponentialfactor (dependentonly on x), If KFN ~‘ 3, the use of KFN and MODEl is
designedto bring nearerunity the functions for independent.
large lxi andsmall A, n: IFAIL: integeron input
Define s= imag(x) for KFN 2 and s= real(x) = 0 no printing of error messages,

for KFN = 3, # 0 print error messageson file 6;

thenFC = e~I5I{F,j, J or I) on output
(e~(G,y or Y) or = 0 no errorsoccurred,# 0 error exit.

andGC = e~{H~or K } or The error exitsare further classified:

IFAIL
= —2: argumentout of range;

KFN integer,determineskind of Coulombor Bes- = —1: one of the continued fractions failed or
arithmetic check, before any resultssel functions:
calculated;

KFN FC: GC: = —3: the functions of Amm could not be
0 complexCoulomb FA(n, x) Gx(n, x) calculated (but perhaps some at A>

functions or H~=G±iF X,,,,,,);
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C C
C Machine dependent constants : C
C C
C ACCUR target bound on relative error (except near 0 crossing.)C
C (ACCUR should be at least 100 * ACC8) C
C ACC8 smallest number with 1+ACC8 ,ne.l in REAL*8 arithmetic C
C ACC16 smallest number with i+ACCI6,ne.i in REAL

5I6 arithmetic C
C FPMAX magnitude of largest floating point number * ACC8 C
C FPMIN magnitude of smallest floating point number / ACC8 C

C FPLMAX LOG(FPMAX) C
C FPLMIN LOG(FPMIN) C

C C
C ROUTINES CALLED : LOGAM/CLOGAM/CDIGAM, C

C F20, CF1A, RCF, CF1C, CF2, Fli, CF1R C
C Intrinsic functions : HIN, MAX, SQRT, REAL, IMAG, ABS, LOG, EXP,
C (Generic names) MINT, MOD, ATAN, ATAN2, COS, SIN, DCMPLX,
C SIGN, CONJG, INT, TANH C
C Note: Statement fntn. NINTC — integer nearest to a complex no. C
C C
C Parameters determining region of calculations : C
C C
C R2O estimate of (2F0 iteration.)/(CF2 iterations) C
C ASYM minimum X/(ETA**2+L) for CFLA to converge easily C
C XNEAR minimum ABS(X) for CF2 to converge accurately C
C LIMIT maximum no. iterations for CFI, cF2, and iFI series C
C JMAX size of work arrays for Pade accelerations C
C NDROP number of successive decrements to define instabilityC
C C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

Fig. 2. Machinedependentconstantsand subroutinesused.

> 0: arithmetic error during final recursion, Further information about the performanceof
so that resultsare available in the FC, COULCC is providedby a namedcommonblock
etc., arraysup to andincludingposition /STEED/ containingin order RERR(REAL* 8)
NL — IFAIL; andtheintegersNFP,Nh, NPQ(2),N20, KAS(2).

4
= —4: roundofferrors > VACCUR. RERR is the estimatedmaximumrelativeerror

in thecalculatedCoulombfunctionsFC, GC. Then

The criterion for convergenceof the internal NFP = numberof iterationsfor CF1,or
expansionsis consistencyto within onehalf of the
value of ‘ACCUR’ (see fig. 2). In the supplied - (numberof termsfor CF1A);Nil = number of terms required for

1F1
code,ACCUR is set at l0_14, appropriate for
REAL * 8 arithmeticon IBM machines.For CDC

NPQ(IH) = numberof termsrequiredfor CF2~
6600/7600systemsset ACCUR = l0_12, and set
it also to i0_12 on CRAY machines.TheACCUR or CF2 forIH = 1 and2, respectively;
valuemay beincreasedif thesefull accuraciesare N20 = number of terms required for 2F0
not required, and if faster calculationswould be
useful. If ACCUR is 10—8, for example, then expansion;KAS(l) = case number,1, 2, 3, 4, 5 or 6 for
(apart from thelimiting casesdescribedin section
4), the relativeerrorswill be less than 40% of this upperrangeof A values;KAS(2) = case number, 1, 2, 3, 4, 5 or 6 for
figure exceptnear zero-crossingsof the functions.
ACCUR is the targetupperboundon therelative lower rangeof A values.
errorsin the resultsandis deliberatelyset at about The meaningsof thesecasenumbersare de-
100 timesthe unit roundofferrors. fined in the accompanyingpaper[16].
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4. Accuracy and range of arguments (e) Nearpolesandzeros:
The relativeaccuracyis determinedprincipally

As a rule, the resultsare obtainedwithin 2 or 3 by the accuracywith which the distanceto the
decimalsof machineprecision,exceptfor the fol- pole or zero canbe calculatedin the floating-
lowing rangelimitations: point arithmetic. Poles and zeros are ap.

(a) negativeA: proachedwhenever1 + A — ~nor 1 + A + in is
The codecan still be used, but with reduced near a nonpositiveinteger, and thereare the
accuracyas CF1 becomesunstable.Theuseris usualzeroswhenreal-valuedfunctionschange
thus stronglyadvised to use A-reflection for- sign,etc.
mulaebasedon (I) Largex:

± ± . The oscillating phaseis as sin(x), and theHA =H_A_lexp+i(aA—a A 1—(A+l/2)11).
— — accuracy in the results will decreaseJust

(b) IA,,~I,JIm(n)I> 50: accordingto the accuracyin mod(x, 211).
The convergenceof the iF1 seriesand of the
Padé-accelerated2F0 expansionsis now signifi-
cantly reducedandmaybecomeinaccurate. 5. Subroutinesused

(c) F-unstableCases:
In thesecasesCF1 cannotbe usedas the F COULCC callsthe two routinesCF1A andF20
solution decreases(rather than increasesor ascomplexfunctionsto useasymptoticexpansions
oscillates) for a range of decreasingA, for to calculatethe regularlogarithmic derivativef =

examplefor x = lOOi andn = 50i. These,how- F’/F and 2F0 values, respectively.If the expan-
ever, can only be detectedif the numberof sionsstart to diverge,the two routinescall RCFto
A-values required,NL> 6, and in severelyun- calculate the correspondingcontinued fraction
stablecasesonly if NL is largeenoughso that coefficients.The RCFcodeis copiedfrom table 9
the instability is nearly ended(in the above of ref. [18], butwith a modified restartprocedure
exampleF is decreasingbelow A ~ and achangeto complexvariables.
Oncethe,instability is found,CF1A is usedin The routines CF1R and CF1C calculate the
preference,but if this occurs for n too large continuedfractionCF1 for realandcomplexargu-
CF1A maynot converge;this is thelimitation ments, respectively, while the function CF2
of the program. evaluatesthe complex continued fraction CF2.

The codeonly allows for onereversalof the Thecomplexfunction Fil evaluatesthe1F1 series
direction of recurrencesbecauseof instabili- for cases1, 5 and 6, either in normal precision
ties, so if negative A are also required the (with COMPLEX*16 variables) or in doubled
A-reflection formulaewill haveto beusedbe- precision(with REAL *16 variables).It can also
fore andafter calling COULCC.The presence calculatethe 1F1-like serieswith the digammafac-
of poles (see(e))also leadsto reversals,so the tors that appearsin the logarithmic solution for
programcannothandleboth polesand insta- the irregular function.
bilities, but shouldbe calledoncefor A = A mm The code uses a combined CLOGAM and
to Im(n — 1) and then for A = Im n up to CDIGAM function to calculatethe natural loga-
Am~. rithm andthe logarithmicderivativeof the gamma

(d) Small or medium x, if no REAL *16 arith- functionwith complexargument,andwith the cut
metic is availablefor the 1F1 seriescalculation: along the negativereal axis. Initially we used
The partial sums in this seriesmay be much Kolbig’s program[19], but subsequentlywe gener-
larger thanthe final resultif n is large,or if x alisedhismethodsandhiscodefor arbitrarypreci-
is justbelowwhereasymptoticexpansionsmay sion, subjectonly to machineaccuracyand not
beused.ForcomplexBessels(n = 0) the error subjectto prestoredfloating point coefficients. In
would degradeup to i0

5 for x between5 and thetestdeckthis precisionis pre-setby a call from

15. COULCC to the ENTRY LOGAM with one
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REAL *8 argumentACCUR. The gammafunc- [6] D.H. Feng, A.R. BarnettandL.J.B. Goldfarb,Phys.Rev.

tion resultsdecreaseworsenby oneor two deci- 13C (1976)1151.
malsfrom machineaccuracyin general,becauseof [7] AR. Barnett,Comput.Phys.Commun.27 (1982)147.
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